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CLASSIFICATION OF SYLOW CLASSES OF PARABOLIC AND
REFLECTION SUBGROUPS IN UNITARY REFLECTION GROUPS
KANE DOUGLAS TOWNSEND
Abstract. Let ℓ be a prime divisor of the order of a finite unitary reflection group.
We classify up to conjugacy the parabolic and reflection subgroups that are minimal
with respect to inclusion, subject to containing an ℓ-Sylow subgroup. The classification
assists in describing the ℓ-Sylow subgroups of unitary reflection groups up to group
isomorphism. This classification also relates to the modular representation theory of
finite groups of Lie type. We observe that unless a parabolic subgroup minimally
containing an ℓ-Sylow subgroup is G itself, the reflection subgroup within the parabolic
minimally containing an ℓ-Sylow subgroup is the whole parabolic subgroup.
1. Introduction
Throughout let G be a finite unitary reflection group acting on the complex vector
space V of dimension n. For each prime ℓ dividing the order of G, we classify the
parabolic and reflection subgroups up to G-conjugacy that are minimal with respect to
inclusion, subject to containing a ℓ-Sylow subgroup. This classification has been done
previously in [Tow18] for finite real reflection groups via an algorithm based on the
Borel-de Siebenthal algorithm [BDS49]. It is clear that a parabolic/reflection subgroup
minimally contains an ℓ-Sylow subgroup of G if and only if its order has the same ℓ-adic
valuation as |G| and none of its parabolic/reflection subgroups have this property.
It is sufficient to consider irreducible G since the parabolic/reflection subgroups of
G = G1×...×Gk are of the formH = H1×...×Hk where each Hi is a parabolic/reflection
subgroup of Gi. The classification of irreducible unitary reflection groups was given by
Shephard and Todd in [ST54], which can be found in Lehrer and Taylor [LT09, Chap.
8]. In [Tay12] by Taylor, a classification of parabolic and reflection subgroups of unitary
reflection groups is given up to conjugacy. Our classification will follow by a direct proof
for the infinite family of reflection groups G(m, p, n) and case by case computations for
the 34 exceptional cases.
Recall a reflection subgroup of G is a subgroup generated by reflections and a parabolic
subgroup is the pointwise stabiliser GU of some subspace U of V . By a theorem of Stein-
berg [Ste64, Thm. 1.5], a parabolic subgroup is a reflection subgroup. The conjugacy
class of parabolic subgroups minimally containing ℓ-Sylow subgroups is unique since the
class of parabolic subgroups is closed under conjugation and intersection. However, since
the class of reflection subgroups is not closed under intersection, we do not necessarily
have uniqueness of the conjugacy class of reflection subgroups minimally containing ℓ-
Sylow subgroups.
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Definition 1.1. Call the conjugacy class of parabolic subgroups minimally containing
the ℓ-Sylow subgroups the ℓ-Sylow conjugacy class of parabolic subgroups. Refer to such
a parabolic subgroup in the conjugacy class as Pℓ. In the case that G = Pℓ we say that ℓ
is cuspidal for G.
Definition 1.2. Call a conjugacy class of reflection subgroups minimally containing the
ℓ-Sylow subgroups a ℓ-Sylow conjugacy classes of reflection subgroups. Refer to such a
reflection subgroup in one of these conjugacy classes as Rℓ. If G = Rℓ we say that ℓ is
supercuspidal for G.
We will first classify the Pℓ up to G-conjugacy. It is then sufficient to consider only
the cuspidal cases while classifying the Rℓ up to G-conjugacy, since the parabolic closure
of a Rℓ is a Pℓ by [Tow18, Cor. 2.5].
The motivations for studying these minimal classes containing ℓ-Sylow subgroups are
various. A major application is in its assistance in describing the ℓ-Sylow subgroups of
unitary reflection groups. It assists since the ℓ-Sylow subgroup of some irreducible G is
the ℓ-Sylow subgroup of some supercuspidal reflection group up to group isomorphism.
We describe the ℓ-Sylow subgroups of the supercuspidal cases in Section §5, with the
supercuspidal cases summarised in Table 5. This gives a complete description of ℓ-Sylow
subgroups of unitary reflection groups up to group isomorphism.
Another application is in the modular representation theory of finite reductive groups.
In particular, [GHM94, Thm. 4.2] states the following:
Theorem 1.3 (Geck-Hisse-Malle). Let G be a connected reductive group with connected
centre and some Fq-rational structure where q is a power of a prime different from ℓ. Let
F be the Frobenius morphism of G and T ⊂ B be an F -stable torus and Borel subgroup
respectively. Define L = {(LFJ )
n | J ⊆ S, n ∈ NF} to be the N-conjugates of standard
Levi subgroups of GF , where S is the standard generators of the Weyl group W F of GF .
(i) If ℓ divides [G : LF ] for all LF ∈ L\{GF}, then the ℓ-modular Steinberg character is
cuspidal.
(ii) Let LF ∈ L \ {GF} such that ℓ does not divide [GF : LF ]. If D ∈ Sylℓ(L
F ) satisfies
CGF(D) ≤ L
F , then the semisimple vertex of the ℓ-modular Steinberg character of GF
is contained in LF .
This theorem raises the question of finding the minimal Levi subgroups containing ℓ-
Sylow subgroups in finite reductive groups. In the case of Weyl groups, the classification
of Sylow classes of parabolic subgroups answers a special case of this question, as will
be seen in a forthcoming paper. Furthermore, in Enguehard and Michel [EM18, Thm.
3.2] it is seen that the ℓ-Sylow subgroups of a finite reductive group depend partly on
the ℓ-Sylow subgroups of a unitary reflection group.
In §2 we introduce the basic definitions of unitary reflection groups and notation
regarding the classification of reflection subgroups as seen in [Tay12]. In §3 we classify the
ℓ-Sylow conjugacy class of parabolic subgroups. In §4 we classify the ℓ-Sylow conjugacy
classes of reflection subgroups for the cuspidal cases, allowing us to deduce Rℓ in all
cases. In §5 we use our classification of the supercuspidal cases seen in Table 5 to
describe the ℓ-Sylow subgroups of unitary reflection groups. In the tables of §7 we
present the classification of ℓ-Sylow class of parabolic subgroups, the cuspidal cases, the
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ℓ-Sylow classes of reflection subgroups, the supercuspidal cases and the cases where the
ℓ-Sylow classes of reflection subgroups are not unique. By inspection of these tables we
are able to note the following observation.
Observation 1.4. If ℓ is not cuspidal for an irreducible G, it is supercuspidal for Pℓ.
The next proposition can help to quickly observe that ℓ is cuspidal for G in some cases.
It is used in Section 3 for the classifications of ℓ-Sylow class of parabolic subgroups for the
exceptional cases. The proposition involves the characterisation of a unitary reflection
groupG in terms of its ring of invariants being a polynomial algebra, where the product of
the degrees of the chosen algebraically independent homogeneous generating polynomials
is the order of G (see [LT09, Chap. 3-4]).
Proposition 1.5. Let G be an irreducible unitary reflection group on V and d1, ..., dn
be the degrees of the homogeneous algebraically independent polynomials generating the
G-invariant polynomial algebra. If ℓ | di for all 1 ≤ i ≤ n then ℓ is cuspidal for G.
Proof. By [LT09, Corollary 3.24] the centre Z(G) has order gcd(d1, ..., dn). Then by
Schur’s Lemma Z(G) acts on V as scalar multiplication, so is a cyclic group acting on
V as the gcd(d1, ..., dn)
th roots of unity. Let P be a proper parabolic subgroup of G,
hence fixing some nonzero subspace U of V . Then P ∩ Z(G) = {1}, as this is the only
element of Z(G) that fixes U pointwise. Therefore, P cannot contain a ℓ-Sylow subgroup
if |Z(G)| = gcd(d1, ..., dn) is divisible by ℓ. 
We can also observe from the tables which cases that the ℓ-Sylow class of reflection
subgroups is not unique. They are collected in Table 6 for clarity. It is interesting to note
that in the real reflection group case the non-unique classes were made of isomorphic
groups generated by dual root systems as seen in [Tow18]. However, extending to the
unitary reflection groups, there are non-unique classes that are not made of isomorphic
groups as seen in the cases G9 with ℓ = 3, G17 with ℓ = 3, G18 with ℓ = 2, G21 with
ℓ = 5 and G26 = M3 with ℓ = 3.
2. Notation and preliminaries
A complex reflection is a linear transformation of V with finite order and fixed space
is a hyperplane. A unitary reflection group or finite complex reflection group G on V is a
finite group generated by complex reflections. The name unitary reflection group comes
from the fact that every finite subgroup of GL(V ) preserves a positive definite hermitian
form (−,−) on V and so the group is unitary with respect to this hermitian form.
The imprimitive unitary reflection group G(m, p, n) introduced by Shephard and Todd
is defined in [Tay12, Section 3] in the following way. Let [n] := {1, 2, ..., n} and {ei | i ∈
[n]} be an orthonormal basis for the n dimensional complex vector space V . Let µm be
the group of mth roots of unity. We write θˆ as the linear transformation that maps ei
to θ(i)ei for each 1 ≤ i ≤ n, where θ : [n] → µm. Let p | m, define A(m, p, n) to be the
group of all linear transformations θˆ such that
∏n
i=1 θ(i)
m
p = 1. We also define the action
of π ∈ Sym(n) on V to be π(ei) = eπ(i). The group G(m, p, n) is the semidirect product
of A(m, p, n) by Sym(n). Shephard and Todd [ST54] proved every irreducible unitary
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reflection group belongs to a list Gk for 1 ≤ k ≤ 37. We call the k the Shephard-Todd
number of the irreducible unitary reflection group. The Shephard-Todd numbering can
be found in [LT09]. For example, G1 is G(1, 1, n) ∼= Sym(n) with n ≥ 2, G2 is G(m, p, n)
with m > 1 and n > 1, G3 is G(m, 1, 1) ∼= Cm with m > 1, G4 − G22 are the primitive
rank two groups and G23 −G37 are the primitive groups of rank greater than two.
We now introduce some notation seen in [Tay12]. This is necessary to understand
the classifications of parabolic subgroups and reflection subgroups of G(m, p, n) up to
conjugacy.
Definition 2.1. Call (m′, p′, n′) a feasible triple for G(m, p, n) if m, p and n are positive
integers and n′ ≤ n, p′ | m′, m′ | m and m
′
p′
| m
p
.
By [Tay12, Lemma 3.3] we have (m′, p′, n′) is a feasible triple if and only if G(m′, p′, n′)
arises as a reflection subgroup of G(m, p, n). We define a total order on the feasible triples
by writing (m1, p1, n1) ≥ (m2, p2, n2) if n1 > n2; or n1 = n2 and m1 > m2; or n1 = n2,
m1 = m2 and p1 ≥ p2.
Definition 2.2. A partition λ of n, written λ ⊢ n, is a sequence λ = (n1, n2, ..., nd)
where n1, n2, ..., nd are positive integers such that n =
∑d
i=1 ni and n1 ≥ n2 ≥ ... ≥ nd.
Definition 2.3. An augmented partition for G(m, p, n) is a decreasing sequence ∆ =
[τ1, τ2, ..., τd] of feasible triples τi = (mi, pi, ni) such that λ = (n1, n2, ..., nd) ⊢ n.
Let k0 = 0 and for 1 ≤ i ≤ d let ki = n1+n2+...+ni, then set Λi = {ej | ki−1 < j ≤ ki}.
We say (Λ1,Λ2, ...,Λd) is the standard partition of Λ = {e1, ..., en} associated with ∆.
The standard reflection subgroup of type ∆ is
G∆ =
d∏
i=1
G(mi, pi, ni)
where G(mi, pi, ni) acts on the subspace of V with basis Λi. For an α ∈ µm define
θα : [n] → µm by θα(1) = α and θα(i) = 1 for i > 1. Then define
Gα∆ = θˆαG∆θˆ
−1
α .
Furthermore, [Tay12, Theorem 3.9] states that for a given augmented partition
∆ = [(m1, p1, n1), (m2, p2, n2), ..., (md, pd, nd)]
for G(m, p, n), then for α, β ∈ µm, we have G
α
∆ and G
β
∆′ are conjugate in G(m, p, n) if
and only if ∆ = ∆′ and αβ−1 ∈ µk, where
k =
m
gcd(p, n1, n2, ..., nd,
m
m1
, m
m2
, ..., m
md
)
.
We now can present the classifications of reflection and parabolic subgroups ofG(m, p, n),
which are given in [Tay12, Theorem 3.7] and [Tay12, Theorem 3.11] respectively.
Theorem 2.4. Any reflection subgroup of G(m, p, n) is conjugate to Gα∆ for some aug-
mented partition ∆ and α ∈ µm. The parabolic subgroups of G(m, p, n) are of the form
(i) G∆ = G(m, p, nj)×
∏
i 6=j G(1, 1, ni), where (ni) ⊢ n,
(ii) Gα∆ = θˆαG∆θˆ
−1
α , where all feasible triples have mi = pi = 1 and α ∈ µm.
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3. Classifying the ℓ-Sylow Class of Parabolic Subgroups
We will now classify the ℓ-Sylow class of parabolic subgroups for each irreducible G.
We define the ℓ-adic valuation of a positive integer as νℓ(n) := max{v ∈ N | ℓ
v|n}. Since
the ℓ-Sylow class of parabolic subgroups is always unique, it is made up of the smallest
order parabolic subgroups whose order have the same ℓ-adic valuation as |G|. Note that
we can use Proposition 1.5 to quickly observe cuspidal cases whenever it is applicable.
For the exceptional cases G4 − G37 we have the classification of parabolic subgroups
of rank greater than two primitive unitary reflection groups directly from [Tay12]. For
the rank two primitive cases, which are not included in the tables of [Tay12], we ran the
MAGMA code mentioned in [Tay12] found at http://www.maths.usyd.edu.au/u/don/software.html
to see the parabolic subgroups of these cases. This gives the classification for Gk for
4 ≤ k ≤ 37 as found in Table 1.
For G1 = G(1, 1, n), we have already done the classification in [Tow18, Table 1] as it
is the same as the classification for the real reflection group of type An−1. For G3 =
G(m, 1, 1), where m > 1 the classification is simply the whole group as it has no proper
parabolic subgroup other than the trivial group by Theorem 2.4. These classifications of
ℓ-Sylow classes of parabolic subgroups are found in Table 1. We now note the following
results regarding ℓ divisibility of factorials since νℓ(|G(m, p, n)|) = nνℓ(m)−νℓ(p)+νℓ(n!).
These results are required for the case G1 done in [Tow18] and G2 which in one case we
will see reduces to the case of G1. The results will also be used in §4. First we state a
form of Kummer’s Theorem for multinomial coefficients.
Lemma 3.1. If λ ⊢ n, then νℓ(n!)−
∑k
i=0 νℓ(λi!) is equal to the number of carries when
summing λi in base ℓ.
Furthermore, we have the following Corollary of Lemma 3.1 proved in [Tow18, Lemma
2.6].
Corollary 3.2. Let the base-ℓ expression of n be (brbr−1...b1b0)ℓ. Then the partition
λ ⊢ n that provides the minimum of the set{
k∏
i=1
λi!
∣∣∣∣ νℓ(n!) =
k∑
i=1
νℓ(λi!)
}
is given by the join λ = λr ∪ λr−1 ∪ ... ∪ λ1 ∪ λ0 where λj = (ℓj, ..., ℓj) with length bj.
Theorem 3.3. Let ℓ be a prime divisor of the order of G2 = G(m, p, n), where m > 1
and n > 1. Let the base-ℓ expression of n be (bkbk−1...b1b0)ℓ.
• (i) If ℓ | m, then the ℓ-Sylow class of parabolic subgroups of G2 has a unique
element G(m, p, n).
• (ii) If ℓ ∤ m, then the ℓ-Sylow class of parabolic subgroups of G2 is the G2-
conjugates of
∏k
i=1G(1, 1, ℓ
i)bi.
Proof. Suppose ℓ | m. By definition of A(m, p, n), its ℓ-Sylow subgroups will only fix
the zero vector of V . Therefore, a parabolic subgroup containing a non-trivial ℓ-Sylow
subgroup of G(m, p, n) will only fix zero, and so we have the result.
Now suppose ℓ ∤ m. It is clear that G(1, 1, n) contains an ℓ-Sylow subgroup of G,
reducing to the case of G1. 
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4. Classifying the ℓ-Sylow Class of Reflection Subgroups
We classify the ℓ-Sylow conjugacy classes of reflection subgroups of unitary reflection
groups for the cuspidal cases seen in Table 2. In [Tay12] a classification of reflection
subgroups is given up to conjugacy. Using the tables in [Tay12] we can deduce the
classification of ℓ-Sylow conjugacy classes of reflection subgroups for G4−G37. We again
note that the tables for G4 − G22 are not included in the paper, but can be found by
running the MAGMA code in the link previously given in §3. The classification of ℓ-
Sylow conjugacy classes of reflection subgroups can be found in Tables 3 and 4. The
ℓ-Sylow conjugacy classes of reflection subgroups of G1 seen in Table 3 follows from
[Tow18]. We now classify for the cases G2 and G3.
Theorem 4.1. Let ℓ be a prime divisor of the order of G2 = G(m, p, n), where m > 1
and n > 1. Let the base-ℓ expression of n be (bkbk−1...b1b0)ℓ.
(i) If ℓ | p, then the ℓ-Sylow classes of reflection subgroups are the conjugacy classes
of θˆαG(ℓ
νℓ(m), ℓνℓ(p), n)θˆ−1α , where α ∈ {e
iπk
m | 0 ≤ k ≤ gcd( p
ℓνℓ(p)
, n)− 1}.
(ii) If ℓ ∤ p, then the ℓ-Sylow class of reflection subgroups is the unique conjugacy
class of
∏k
i=0G(ℓ
νℓ(m), 1, ℓi)bi.
Proof. By the cuspidal cases seen in Table 2, we only need to consider when ℓ | m. Let
Rℓ be such that it is G∆ =
∏d
i=1G(mi, pi, ni) or G
α
∆ for some augmented partition ∆
and α ∈ µm. The mi and pi must be powers of ℓ, as otherwise G∆ contains a proper
reflection subgroup with the same ℓ-adic valuation giving a contradiction of minimality.
Therefore, G∆ is a reflection subgroup of H :=
∏d
i=1G(ℓ
νℓ(m), ℓνℓ(p), ni). By assumption
νℓ(|H|) = νℓ(|G|), so we have
nνℓ(m)− dνℓ(p) +
d∑
i=1
νℓ(ni!) = nνℓ(m)− νℓ(p) + νℓ(n!).
Then by Kummer’s theorem we have dνℓ(p) ≤ νℓ(p). Since d ≥ 1 and νℓ(p) ≥ 0, we have
either νℓ(p) = 0 or d = 1.
Hence, we now also assume that ℓ | p, so d = 1. This gives G∆ = G(m1, p1, n) a
reflection subgroup of H = G(ℓνℓ(m), ℓνℓ(p), n). Now νℓ(|G∆|) = νℓ(|H|) gives
nνℓ(m1)− νℓ(p1) = nνℓ(m)− νℓ(p).
Also, since m1
p1
| m
p
we have
νℓ(m1)− νℓ(p1) ≤ νℓ(m)− νℓ(p).
Subtracting this from the above equation gives νℓ(m1) ≥ νℓ(m), since n > 1. Combining
this with m1 | m we have νℓ(m1) = νℓ(m), and then νℓ(p1) = νℓ(p) follows. So by [Tay12,
Theorem 3.8] we know that there are gcd( p
ℓνℓ(p)
, n) ℓ-Sylow classes of reflection subgroups,
each class made up of G2-conjugates of G
α
∆ = G(ℓ
νℓ(m), ℓνℓ(p), n), where α ∈ {e
iπk
m | 0 ≤
k ≤ gcd( p
ℓνℓ(p)
, n)− 1}.
We now assume ℓ ∤ p. Hence, G∆ =
∏d
i=1G(mi, pi, ni) is a subgroup of H =∏d
i=1G(ℓ
νℓ(m), 1, ni). If νℓ(mi) = νℓ(m) for some i then νℓ(pi) = 0 so the group or-
ders have equal ℓ-adic valuations. Now if νℓ(mi) = νℓ(m) − xi, for some xi ∈ Z
+, then
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νℓ(pi) = −nixi, giving a contradiction. Hence, G∆ =
∏d
i=1G(ℓ
νℓ(m), 1, ni) for some parti-
tion (ni) ⊢ n. Corollary 3.2 gives us the reflection subgroup
∏k
i=0G(ℓ
νℓ(m), 1, ℓi)bi , which
is clearly also minimal with respect to containment. The conjugacy class of groups of
this type is unique by [Tay12, Theorem 3.8] and any reflection subgroup preserving the
ℓ-adic valuation of G3 will contain an element in this conjugacy class. Hence, the result
follows. 
Theorem 4.2. Let ℓ be a prime divisor of the order of G3 = G(m, 1, 1), where m > 1.
The ℓ-Sylow reflection subgroup of G3 is G(ℓ
νℓ(m), 1, 1).
Proof. Trivial. 
5. Sylow subgroups of Unitary reflection groups
Our classification of ℓ-Sylow classes of reflection subgroups significantly reduces the
work required to describe the group isomorphism types of the ℓ-Sylow subgroups of
unitary reflection groups. An ℓ-Sylow subgroup of a general unitary reflection group
is the direct product of particular ℓ-Sylow subgroups of the irreducible components.
Furthermore, an ℓ-Sylow subgroup of an irreducible unitary reflection group G will be
an ℓ-Sylow subgroup of Rℓ. Therefore, to describe the ℓ-Sylow subgroups of all unitary
reflection groups it is sufficient to describe the ℓ-Sylow subgroups of the supercuspidal
cases listed in Table 5. We will now list the ℓ-Sylow subgroups up to group isomorphism
for all the supercuspidal cases. The description of the isomorphism classes of the unitary
reflection groups can be found in [LT09, Chap. 6 §2-§4 and Chap. 8 §10]. We will require
the following well known result regarding the ℓ-Sylow subgroups of the symmetric group
that can be found in [Hal59, Pg. 82].
Proposition 5.1. The ℓ-Sylow subgroups of Sym(n) are isomorphic to
∏k
i=1[C
(i)
ℓi
]ai,
where n = (akak−1...a1a0)ℓ and C
(i)
ℓi
is the iterated wreath product of i copies of the cyclic
group of order ℓi.
We can now describe the ℓ-Sylow subgroups up to isomorphism for the supercuspidal
cases:
• G(1, 1, ℓi) is isomorphic to Sym(ℓi). By Proposition 5.1 the ℓ-Sylow subgroups
are isomorphic to C
(i)
ℓi
.
• G(ℓi, ℓj, n) is isomorphic to the semidirect product A(ℓi, ℓj, n) ⋊ Sym(n). By
Proposition 5.1 the ℓ-Sylow subgroups are isomorphic to A(ℓi, ℓj, n)⋊
∏k
ζ=1[C
(ζ)
ℓζ
]aζ ,
where n = (akak−1...a1a0)ℓ.
• G(ℓi, 1, ℓj) is isomorphic to the semidirect product A(ℓi, 1, ℓj) ⋊ Sym(ℓj). By
Proposition 5.1 the ℓ-Sylow subgroups are isomorphic to A(ℓi, 1, ℓj)⋊ C
(j)
ℓj
.
• G(ℓi, 1, 1) has ℓ-Sylow subgroup being the whole group.
• G4 = L2 has a unique 2-Sylow subgroup isomorphic to a quaternion group.
• G8 has cyclic groups of order 3 as its 3-Sylow subgroups.
• G12 is isomorphic to GL2(3). The 2-Sylow subgroup is the semidihedral group of
order 16.
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• G16 is isomorphic to the direct product of a cyclic group of order 5 and the binary
icosahedral group. Hence, the 2-Sylow subgroup of G16 is the 2-Sylow subgroup
of binary icosahedral group, which is the quaternion group.
• G16 has cyclic groups of order 3 as its 3-Sylow subgroups.
• G20 has cyclic groups of order 5 as its 5-Sylow subgroups.
• G24 = J
(4)
3 has cyclic groups of order 7 as its 7-Sylow subgroups.
• From [LT09, Table 3] it is clear that the first three standard generators of L4
generate L3 and [LT09, Thm. 8.43] shows L4 is isomorphic to C3 × Sp4(3).
Hence, the natural homomorphism from L4 to its quotient modulo its central
subgroup C3 restricts to an embedding of L3 in Sp4(3) since the central C3 is not
contained in L3.
By comparing orders we see that the 3-Sylow subgroups of G25 = L3 are
isomorphic to the 3-Sylow subgroups of Sp4(3). Regard Sp4(3) as the group
preserving the alternating form with matrix
(
0 J
−J 0
)
, where J =
(
0 1
1 0
)
.
Then the set of upper unitriangular matrices of Sp4(3) is a 3-Sylow subgroup.
We can describe the 3-Sylow subgroup as the semidirect product E ⋊H , where
E ∼= C33 is an elementary abelian group and H
∼= C3. The group E consists
of the matrices
(
I A
0 I
)
where A =
(
a b
c a
)
and H consists of the matrices(
D 0
0 D−1
)
where D =
(
1 d
0 1
)
with a, b, c, d ∈ F3.
• G32 = L4 is isomorphic to C3 × Sp4(3). By definition of the symplectic group,
Sp4(3) has a subgroup isomorphic to (SL2(3)× SL2(3))⋊ C2, where the C2 acts
by swapping the factors. Hence the 2-Sylow subgroup of L4 can be described as
(Q8 ×Q8)⋊C2 where C2 acts by swapping the factors and Q8 is the quaternion
group.
• G32 = L4 has cyclic groups of order 5 as its 5-Sylow subgroups.
• G35 = E6 has a subgroup isomorphic to L3 by [Bre00, Table 4], which contains
a 3-Sylow subgroup of E6. Hence, the 3-Sylow subgroup of E6 has the same
description as the 3-Sylow subgroup of G25 = L3 given above.
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7. Tables
We use the same notation as in [Tay12, Section 5] and [LT09, Chapter 6]. We note
[Tay12, Section 5] omits defining B
(3)
n := G(3, 1, n).
Table 1. Type of Pℓ in G
G |G| ℓ Pℓ |Pℓ| ℓ cuspidal
G1 = G(1, 1, n),
n ≥ 2
n! ℓ | n!
k∏
i=1
G(1, 1, ℓi)bi
k∏
i=1
(ℓi!)bi n = ℓq for q ≥ 2
G2 = G(m, p, n),
m > 1, n > 1
mnn!
p
ℓ | m
nn!
p


G(m, p, n) for ℓ | m,
k∏
i=1
G(1, 1, ℓi)bi for ℓ ∤ m


mnn!
p
for ℓ | m,
k∏
i=1
(ℓi!)bi for ℓ ∤ m
ℓ | m
G3 = G(m, 1, 1),
m > 1
m ℓ | m G(m, 1, 1) m ℓ | m
G4 = L2 2
3 · 3 2 L2 2
3 · 3 2
3 L1 3
G6 = C4 ◦ L2 2
4 · 3 2 G6 2
4 · 3 2
3 L1 3
Gk,
k = 5 and 7 ≤ k ≤ 22
|Gk| ℓ | |Gk| Gk |Gk| ℓ | |Gk|
G23 = H3 2
3 · 3 · 5 2 H3 2
3 · 3 · 5 2
3 A2 2 · 3
5 D
(5)
2 2 · 5
G24 = J
(4)
3 2
4 · 3 · 7 2, 7 J
(4)
3 2
4 · 3 · 7 2, 7
3 A2 2 · 3
G25 = L3 2
3 · 34 2 L2 2
3 · 3 3
3 L3 2
3 · 34
G26 = M3 2
4 · 34 2, 3 M3 2
4 · 34 2, 3
G27 = J
(5)
3 2
4 · 33 · 5 2, 3 J
(5)
3 2
4 · 33 · 5 2, 3
5 D
(5)
2 2 · 5
G28 = F4 2
7 · 32 2, 3 F4 2
7 · 32 2, 3
G29 = N4 2
9 · 3 · 5 2, 5 N4 2
9 · 3 · 5 2, 5
3 A2 2 · 3
G30 = H4 2
6 · 32 · 52 2, 3, 5 H4 2
6 · 32 · 52 2, 3, 5
G31 = O4 2
10 · 32 · 5 2, 3, 5 O4 2
10 · 32 · 5 2, 3, 5
G32 = L4 2
7 · 35 · 5 2, 3, 5 L4 2
7 · 35 · 5 2, 3, 5
G33 = K5 2
7 · 34 · 5 2 K5 2
7 · 34 · 5 2
3 D
(3)
4 2
3 · 34
5 A4 2
3 · 3 · 5
G34 = K6 2
9 · 37 · 5 · 7 2, 3, 7 K6 2
9 · 37 · 5 · 7 2, 3, 7
5 A4 2
3 · 3 · 5
G35 = E6 2
7 · 34 · 5 2 D5 2
7 · 3 · 5 3
3 E6 2
7 · 34 · 5
5 A4 2
3 · 3 · 5
G36 = E7 2
10 · 34 · 5 · 7 2 E7 2
10 · 34 · 5 · 7 2
3 E6 2
7 · 34 · 5
5 A4 2
3 · 3 · 5
7 A6 2
4 · 32 · 5 · 7
G37 = E8 2
14 · 35 · 52 · 7 2, 3, 5 E8 2
14 · 35 · 52 · 7 2, 3, 5
7 A6 2
4 · 32 · 5 · 7
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Table 2. Cuspidal cases of G
G Cuspidal ℓ |G|
G(1, 1, ℓi) for i ∈ Z+ ℓ (ℓi)!
G(m, p, n) for ℓ | m ℓ m
nn!
p
G(m, 1, 1) ℓ m
G4 = L2 2 2
3 · 3
G6 2 2
4 · 3
Gk, k = 5 and 7 ≤ k ≤ 22 ℓ | |Gk| |Gk|
G23 = H3 2 2
3 · 3 · 5
G24 = J
(4)
3 7 2
4 · 3 · 7
G25 = L3 3 2
3 · 34
G26 = M3 2, 3 2
4 · 34
G27 = J
(5)
3 2, 3 2
4 · 33 · 5
G28 = F4 2, 3 2
7 · 32
G29 = N4 2, 5 2
9 · 3 · 5
G30 = H4 2, 3, 5 2
10 · 32 · 5
G31 = O4 2, 3, 5 2
7 · 35 · 5
G32 = L4 2, 5 2
7 · 35 · 5
G33 = K5 2 2
7 · 34 · 5
G34 = K6 2, 3, 7 2
9 · 37 · 5 · 7
G35 = E6 3 2
7 · 34 · 5
G36 = E7 2 2
10 · 34 · 5 · 7
G37 = E8 2, 3, 5 2
14 · 35 · 52 · 7
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Table 3. Type of Rℓ in G excluding primitive G of rank 2
G |G| ℓ Rℓ |Rℓ|
G1 = G(1, 1, n),
n ≥ 2
n! ℓ | n!
k∏
i=1
G(1, 1, ℓi)bi
k∏
i=1
(ℓi!)bi
G2 = G(m, p, n),
m > 1, n > 1
mnn!
p
ℓ | m
nn!
p


θˆαG(ℓ
νℓ(m), ℓνℓ(p), n)θˆ−1α ,
where α ∈ {e
iπk
m | 0 ≤ k ≤ gcd( p
ℓνℓ(p)
, n)− 1} for ℓ | p
k∏
i=0
G(ℓνℓ(m), 1, ℓi)bi for ℓ | m and ℓ ∤ p,
k∏
i=1
G(1, 1, ℓi)bi for ℓ ∤ m


ℓnνℓ(m)−νℓ(p)n! for ℓ | p,
k∏
i=0
[ℓℓ
iνℓ(m)(ℓi!)]bi for ℓ | m and ℓ ∤ p,
k∏
i=1
(ℓi!)bi for ℓ ∤ m
G3 = G(m, 1, 1),
m > 1
m ℓ | m G(ℓνℓ(m), 1, 1) ℓνℓ(m)
G23 = H3 2
3 · 3 · 5 2 A31 2
3
3 A2 2 · 3
5 D
(5)
2 2 · 5
G24 = J
(4)
3 2
4 · 3 · 7 2 A1 × B2 2
4
3 A2 2 · 3
7 J
(4)
3 2
4 · 3 · 7
G25 = L3 2
3 · 34 2 L2 2
3 · 3
3 L3 2
3 · 34
G26 = M3 2
4 · 34 2 A1 × L2 2
4 × 3
3 L3 and B
(3)
3 2
3 · 34 and 2 · 34
G27 = J
(5)
3 2
4 · 33 · 5 2 A1 × B2 2
4
3 D
(3)
3 2
3 · 33
5 D
(5)
2 2 · 5
G28 = F4 2
7 · 32 2 B4 and B˜4 2
7 · 3
3 A22 2
2 · 32
G29 = N4 2
9 · 3 · 5 2 D
(4)
4 2
9 · 3
3 A2 2 · 3
5 A4 and A˜4 2
3 · 3 · 5
G30 = H4 2
6 · 32 · 52 2 D4 2
6 · 3
3 A22 2
2 · 32
5 [D
(5)
2 ]
2 22 · 52
G31 = O4 2
10 · 32 · 5 2 B
(4)
4 2
10 · 3
3 A22 2
2 · 32
5 A4 and A˜4 2
3 · 3 · 5
G32 = L4 2
7 · 35 · 5 2, 5 L4 2
7 · 35 · 5
3 L1 × L3 2
3 · 35
G33 = K5 2
7 · 34 · 5 2 A1 ×D4 2
7 · 3
3 D
(3)
4 2
3 · 34
5 A4 2
3 · 3 · 5
G34 = K6 2
9 · 37 · 5 · 7 2 D6 2
9 · 32 · 5
3 D
(3)
6 2
4 · 37 · 5
5 A4 2
3 · 3 · 5
7 A6 and A˜6 2
4 · 32 · 5 · 7
G35 = E6 2
7 · 34 · 5 2 D5 2
7 · 3 · 5
3 E6 2
7 · 34 · 5
5 A4 2
3 · 3 · 5
G36 = E7 2
10 · 34 · 5 · 7 2 A1 ×D6 2
10 · 32 · 5
3 E6 2
7 · 34 · 5
5 A4 2
3 · 3 · 5
7 A6 2
4 · 32 · 5 · 7
G37 = E8 2
14 · 35 · 52 · 7 2 D8 2
14 · 32 · 5 · 7
3 A2 × E6 2
8 · 35 · 5
5 A24 2
6 · 32 · 52
7 A6 2
4 · 32 · 5 · 7
12 KANE TOWNSEND
Table 4. Type of Rℓ in primitive G of rank 2
G |G| ℓ Rℓ |Rℓ|
G4 = L2 2
3 · 3 2 L2 2
3 · 3
3 L1 3
G5 = C3 × T 2
3 · 32 2 L2 and L˜2 2
3 · 3
3 L21 3
2
G6 = C4 ◦ L2 2
4 · 3 2 B
(4)
2 2
4
3 L1 3
G7 = C3 × (C4 ◦ T ) 2
4 · 32 2 B
(4)
2 2
4
3 L21 3
2
G8 = T C4 2
5 · 3 2 G(4, 1, 2) 25
3 G8 2
5 · 3
G9 = C8 ◦ O 2
6 · 3 2 G(8, 2, 2) 26
3 A2, A˜2 and G8 2 · 3, 2 · 3 and 2
5 · 3
G10 = C3 × T C4 2
5 · 32 2 G(4, 1, 2) 25
3 L21 3
2
G11 = C3 × (C8 ◦ O) 2
6 · 32 2 G(8, 2, 2) 26
3 L21 3
2
G12 ∼= GL2(F3) 2
4 · 3 2 G12 2
4 · 3
3 A2 and A˜2 2 · 3
G13 = C4 ◦ O 2
5 · 3 2 G(8, 4, 2) 25
3 A2 and A˜2 2 · 3
G14 = C3 ×G12 2
4 · 32 2 G12 2
4 · 3
3 L21 3
2
G15 = C3 × (C4 ◦ O) 2
5 · 32 2 G(8, 4, 2) 25
3 L21 3
2
G16 = C5 × I 2
3 · 3 · 52 2, 3 G16 2
3 · 3 · 52
5 G(5, 1, 1)2 52
G17 = C5 × (C4 ◦ I) 2
4 · 3 · 52 2 B
(4)
2 2
4
3 A2, A˜2 and G16 2 · 3, 2 · 3 and 2
3 · 3 · 52
5 G(5, 1, 1)2 52
G18 = C15 × I 2
3 · 32 · 52 2 L2, L˜2 and G16 2
3 · 3, 23 · 3 and 23 · 3 · 52
3 L21 3
2
5 G(5, 1, 1)2 52
G19 = C15 × (C4 ◦ I) 2
4 · 32 · 52 2 B
(4)
2 2
4
3 L21 3
2
5 G(5, 1, 1)2 52
G20 = C3 × I 2
3 · 32 · 5 2 L2 and L˜2 2
3 · 3
3 L21 3
2
5 G20 2
3 · 32 · 5
G21 = C3 × (C4 ◦ I) 2
4 · 32 · 5 2 B
(4)
2 2
4
3 L21 3
2
5 D
(5)
2 ,
˜
D
(5)
2 and G20 2 · 5, 2 · 5 and 2
3 · 32 · 5
G22 = C4 ◦ I 2
4 · 3 · 5 2 B
(4)
2 2
4
3 A2 and A˜2 2 · 3
5 D
(5)
2 and
˜
D
(5)
2 2 · 5
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Table 5. Supercuspidal cases of G
G ℓ-Sylow prime | G |
G(1, 1, ℓi) for i ∈ Z+ ℓ (ℓi)!
G(ℓi, ℓj, n) for j ≤ i ∈ Z+, n > 1 ℓ ℓin−jn!
G(ℓi, 1, ℓj) for i, j ∈ Z+ ℓ ℓiℓ
j
(ℓj)!
G(ℓi, 1, 1) for i ∈ Z+ ℓ ℓi
G4 = L2 2 2
3 · 3
G8 3 2
5 · 3
G12 2 2
4 · 3
G16 2, 3 2
3 · 3 · 52
G20 5 2
3 · 32 · 5
G24 = J
(4)
3 7 2
4 · 3 · 7
G25 = L3 3 2
3 · 34
G32 = L4 2, 5 2
7 · 35 · 5
G35 = E6 3 2
7 · 34 · 5
Table 6. Cases where Rℓ is not unique up to conjugacy
G ℓ Rℓ |Rℓ| Conjugacy Classes
G2 = G(m, p, n) ℓ | p G(ℓ
νℓ(m), ℓνℓ(p), n) ℓnνℓ(m)−νℓ(p)n! gcd( p
ℓνℓ(p)
, n)
G5 2 L2 2
3 · 3 2
G9 3 A2 2 · 3 2
G8 2
5 · 3 1
G12 3 A2 2 · 3 2
G13 3 A2 2 · 3 2
G17 3 A2 2 · 3 2
G16 2
3 · 3 · 52 1
G18 2 L2 2
3 · 3 2
G20 2 L2 2
3 · 3 2
G21 5 D
(5)
2 2 · 5 2
G20 2
3 · 32 · 5 1
G22 3 A2 2 · 3 2
5 D
(5)
2 2 · 5 2
G26 = M3 3 L3 2
3 · 34 1
B
(3)
3 2 · 3
4 1
G28 = F4 2 B4 2
7 · 3 2
G29 = N4 5 A4 2
3 · 3 · 5 2
G31 = O4 5 A4 2
3 · 3 · 5 2
G34 = K6 7 A6 2
4 · 32 · 5 · 7 2
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